Coaxial air lines are used as primary standards of characteristic impedance at microwave and millimetre-wave frequencies. A key property of these lines that needs to be known in order to define the characteristic impedance is the resistivity of the conductors of the line at these high frequencies. This paper presents a simple, reliable method for determining the high-frequency resistivity, and subsequently the characteristic impedance, of air lines. The method is based on measuring the S-parameters of the line. The method is supported by a detailed uncertainty analysis, and is also verified using a second method which uses measured values for the line's propagation constant. Throughout the paper, measurements of a typical air line are used to illustrate both methods.
Introduction
Coaxial air-dielectric transmission lines (i.e. air lines) are used to define the characteristic impedance of measurement devices and systems operating at microwave and millimetrewave frequencies. These lines consist of a centre and outer conductor, both made of high-conductivity metal, and use air as the dielectric separating the two conductors. The characteristic impedance, Z 0 , of the line is a function, f , of several physical quantities [1] :
where ν is the frequency (Hz), a is the radius of the centre conductor (m), b is the internal radius of the outer conductor (m), ε r is the relative permittivity of the dielectric, µ r is the relative permeability of the dielectric and ρ is the resistivity of the conductors ( m).
Of the above quantities, ν can readily be established at an acceptable level of accuracy (1 part in 10 7 )-for example, by using a suitably calibrated frequency counter. It is also relatively straightforward to obtain accurate measured values of a and b (for example, using air-gauging measurement methods [2] ). Since air is used as the dielectric in the line, it is acceptable to use assumed values for ε r and µ r (see, for example, [3] , where it is assumed that ε r = 1.000 649 and µ r = 1.000 000 for air at 23
• C, 50% relative humidity and 1013.25 hPa atmospheric pressure). However, the resistivity is not so easy to determine reliably. If the line's constitution is known, then a value could be obtained from tables of physical data (see, for example, [4] ). However, values specified in such tables refer to bulk material samples. These values are often very different from actual values for the same material that has been subjected to machining and electroplating, as is often the case during the manufacturing process for air lines, as noted in [5, 6] . This paper presents an experimental method for determining the high-frequency resistivity of air lines from in situ measurements of lines connected to vector network analysers (VNAs). The method derives a value of the resistivity from measurements of the line's S-parameters made using the VNA. Detailed uncertainty budgets are established for the method. A second method is also described which obtains a value of resistivity from an experimental determination of the line's propagation constant. Propagation constant values are produced when the line is used as a standard during the VNA calibration process using the Thru-Reflect-Line technique [7] . Results from this second method are used to validate the value, and uncertainty, produced by the first method. Since the first method (involving measurement of the line's S-parameters) is easy to implement, the intention is that this method can be readily adopted and utilized by other measurement laboratories wishing to characterize air lines.
Throughout the paper, an example is used to illustrate both methods. The example uses a 50 mm unsupported (i.e. containing no support beads) air line fitted with Type-N, 50 ohm, Laboratory Precision Connectors (LPCs). This line was recently used as the travelling standard for an inter-laboratory comparison (ILC) exercise, coordinated by Sandia National Laboratories 2 . This ILC compared dimensional measurements of the diameters of the line's centre and outer conductors. NPL participated in this ILC (along with several other industrial and government laboratories) and also supplied the reference value for the electrical conductivity of the line. This conductivity value, σ , was derived from the resistivity determination (σ = ρ −1 ) made using method 1, below. Method 2 was employed to aid in the validation of the result obtained using method 1.
Method 1: resistivity from S-parameters
The first method uses the measured S-parameters of the air line to determine values for the effective resistivity of the line.
The attenuation constant, α, of a perfectly matched line (|S 11 | = |S 22 | = 0) of length l is related to the transmission coefficient, T , by
In practice, a line will never be perfectly matched. However, from experience [8] , it has been found that equation (2) can be used satisfactorily for air lines having |S 11 | and |S 22 | less than 0.01 (linear units) at all frequencies. It has been shown in [9] that, to a first-order approximation at high frequencies, the resistivity, ρ, of a line is related to α as follows:
where µ 0 is the permeability of free space. Equations (2) and (3) are used to obtain a value of resistivity from the measured transmission coefficient 3 at each measurement frequency.
Uncertainty budgets
The uncertainty in the calculated value of resistivity at each frequency is established using uncertainty budgets. From equations (2) and (3) it is clear that the uncertainty in resistivity will depend on the associated uncertainty in l, ν, b, a and |T |.
It is relatively straightforward to determine l with a standard uncertainty, u(l), of 0.0015 mm and so this value will be used in the uncertainty budgets presented here. A standard uncertainty for ν, u(ν), of 1 part in 10 7 has already been proposed as being readily achievable using a calibrated frequency counter.
Specification values for a and b can be used to establish the expected standard uncertainties u(a) and u(b). (Alternatively, dimensional measurement capabilities, such as air-gauging systems [2] , can be used to experimentally determine the uncertainties in a and b.) According to [10] , for Type-N LPCs, the dimensional tolerance for a, (a), is ± 0.0013 mm. This tolerance establishes upper and lower bounds for a and so the equivalent standard uncertainty in a, u(a), is given by [11] 
Similarly, according to [10] , the dimensional tolerance for b, (b), is ±0.0026 mm, and so the equivalent standard uncertainty in b, u(b), is given by
The standard uncertainty in the magnitude of the measured transmission coefficient, u(|T |), varies significantly as a function of frequency. This uncertainty consists of components due to random error processes (e.g. instrumentation noise and the connection repeatability of the VNA calibration standards and the air line being measured) and systematic error processes (e.g. the VNA linearity, crosstalk, test port mismatch, etc) [12] . The random error processes are evaluated using type A methods and the systematic error processes are evaluated using type B methods. On this occasion, the S-parameter measurements (including the transmission coefficient measurements) were made using NPL's Primary Impedance Measurement System [13] . This VNA-based system provides a statement of the uncertainty in each S-parameter measurement result. The Thru-Reflect-Line (TRL) technique [7] was utilized to calibrate the VNA. This technique also calculates the propagation constant of the air line calibration standard and requires no previous knowledge of the air line's resistivity.
The sensitivity coefficients for l, ν, b, a and |T | are given in equations (6) to (10), respectively.
The above estimates for each of the uncertainty contributions, l, ν, b, a and |T |, are used along with these sensitivity coefficients to establish an uncertainty budget at each measurement frequency. Example budgets are given in tables 1 and 2 for the resistivity determinations made at 1 GHz and 18 GHz, respectively. Both tables show that the uncertainty contribution due to the measured transmission coefficient of the line dominates the uncertainty budgets. This dominance of the transmission coefficient uncertainty was also observed at all other frequencies. Under these circumstances, all the other uncertainty contributions can be neglected without loss of accuracy in the evaluation of the overall uncertainty in the determined resistivity.
Summary resistivity value
If the resistivity of the air line is considered to be independent of frequency, then it is appropriate to summarize the values of resistivity determined at each frequency with a single, averaged, value. Since the value of resistivity obtained at each measurement frequency will, in general, have a different uncertainty associated with it, a weighted mean is used to provide the summary value for the resistivity (where the weights are related to the uncertainty in each value of resistivity).
For a series of n determinations of resistivity, the weighted mean value,ρ, is given bŷ
where ρ i is the measured resistivity at the ith frequency and w i is the associated weight assigned to the ith value of resistivity, using
where u(ρ i ) is the standard uncertainty in the ith value of resistivity. The uncertainty inρ, u(ρ), is established by pooling the uncertainty estimates in each of the n determinations of resistivity [11] 4 .
The expanded uncertainty, U , in the resistivity is given by
where k is a coverage factor chosen to provide the required level of confidence in the uncertainty interval. (Usually, k is chosen to provide a 95% level of confidence in the uncertainty interval, and this is based on the degrees of freedom in u(ρ).)
Method 1: example
The S-parameters of a 50 mm air line fitted with Type-N, 50 ohm, Laboratory Precision Connectors (LPCs) were measured at 1 GHz to 18 GHz in 1 GHz intervals (i.e. at 18 frequency points). Figure 1 shows the measured magnitudes of the reflection coefficients (|S 11 | and |S 22 |) of the line.
Since the magnitudes of all the reflection coefficient values are less than 0.01, this demonstrates that the line provides a sufficiently good match for equation (2) to be used to determine the line's attenuation constants from the measured transmission coefficients. Figure 2 shows the measured magnitudes of the transmission coefficients (|S 21 | and |S 12 |) of the line. Equations (2) and (3) are then used to determine the resistivity of the line at each measured frequency. Figure 3 shows the values of resistivity determined at each frequency, along with error bars representing the combined standard uncertainties. 4 Strictly speaking, this expression only holds when there is no correlation between the errors in the ρ i values. A more general treatment would take account of any such correlation by establishing the full (n × n) covariance matrix representing the interactions between the resistivity determinations at all frequencies. However, this will add significant complexity to the relatively simple method presented here. Figure 3 shows a slight frequency dependence in the determined values of resistivity. Resistivity, however, is a material property which is independent of frequency in an air line made of a homogeneous material. Although the amount is not trivial, it is not considered significant when compared with the uncertainty in the determination of the resistivity of the line at any given frequency. It is therefore considered appropriate to summarize these values into a single, frequency-independent, value of resistivity (using the weighted mean calculation, in equations (11) and (12)) and the associated expanded uncertainty is calculated using equations (13) and (14) .
In order to establish the expanded uncertainty, a suitable coverage factor, k, needs to be chosen. This choice is related to the effective degrees of freedom in the estimated uncertainties.
Since random error processes dominate transmission measurements of low loss devices made using VNAs [12] , the effective degrees of freedom, η eff , in each resistivity value that is derived from these transmission measurements, at each frequency, will be
where n is the number of repeated measurements. On this occasion, six replicate measurements were made of the line at each frequency and so η eff = 6 − 1 = 5.
The combined effective degrees of freedom, η c , in the pooled uncertainty estimate are given by [11] 
where m is the number of frequency points. Since m is 18 on this occasion, and all values of η eff are 5, this results in η c = 18 × 5 = 90. Therefore, a coverage factor of k = 2 is appropriate to obtain an expanded uncertainty at a level of confidence of approximately 95% [11] . For the measurements made on this occasion, this results in a summary value of resistivity (using equations (11) and (12)), along with an expanded uncertainty at a 95% level of confidence (using equations (13) to (16) 
Method 2: resistivity from propagation constant measurements
The second method exploits the property that a product of the TRL calibration process is an indication, at each calibration frequency, of the propagation constant of the air line that is used as the calibration Line standard [7] .
Following on from equation (1), the propagation constant, γ , for a given line, can be described by a function, g, of several physical quantities [1] :
As before, it is relatively straightforward to assign values to ν, a, b, ε r and µ r . Therefore, if a value of ρ is available, the line's propagation constant, γ , can be calculated, at each frequency, using (17) . We will call these calculated values, γ c . In addition, at each frequency, we have an experimentally determined value for the line's propagation constant produced by the TRL calibration process.
We will call these experimentally determined values, γ e . Therefore, a root finding procedure (based on the bisection method given in [14] ) can be used, at each frequency, to determine a value for ρ such that
where ζ is the tolerance interval defining the stopping criterion, and hence the accuracy, of the bisection procedure. ζ is chosen to be negligibly small (i.e. 0.0001). In practice, only the real part of γ (i.e. the attenuation constant, α) is used to determine values for ρ, at each frequency, using this root finding procedure. This is because it has been found that the experimental determination of the imaginary part of γ (i.e. the phase constant, β) is adversely affected by the inevitable random errors (due to connector repeatability, noise, etc) in the measurement process. Therefore, the root finding procedure that is actually used, at each frequency, is
where α c and α e are the calculated and experimentally determined values for the attenuation constant, respectively. As with method 1 (described in section 2 of this paper), the determinations of resistivity made at each frequency are summarized in terms of the weighted mean value, using equations (11) and (12), and the expanded uncertainty, using equations (13) and (14) . 
Method 2: example
The same air line that was used in section 3 was used as the Line standard in the Thru-Reflect-Line [7] calibration technique. Calibration frequencies were chosen where this line provided acceptable phase separation, in the complex transmission coefficient plane, between the Line and Thru standards [15] . Measurements were therefore made from 0.5 GHz to 2.5 GHz in 0.1 GHz intervals (i.e. at 21 frequency points).
Six repeat calibrations were performed, resulting in six repeated determinations of the resistivity of the Line standard at each frequency. The mean and associated experimental standard deviation of the mean [11] were calculated at each frequency, derived from the six repeated determinations of resistivity at each frequency.
On this occasion, the experimental standard deviation of the mean, at each frequency, is used to represent the standard uncertainty in the determined resistivity values. In principle, there are likely to be other components to the uncertainty in these determinations of resistivity. However, as with method 1 (presented in sections 2 and 3), random error processes (due mainly to the lack of repeatability between the air line and the VNA measurement reference planes) are expected to dominate these measurements and so other components to the uncertainty are expected to be insignificant when compared with these random error processes. In addition, since the role played here by method 2 is primarily for the purposes of verifying the results obtained by method 1 (i.e. an assurance/underpinning role), full uncertainty budgets are not essential, in this capacity. Figure 4 shows the mean values of resistivity determined at each frequency, along with error bars representing the standard uncertainty (i.e. the experimental standard deviation in the mean).
The slight frequency dependence seen in figure 3 is not evident in figure 4 . This is likely due to the reduced bandwidth of the ρ determinations in method 2.
As before, the effective degrees of freedom, η eff , in each determination of resistivity, at each frequency, are evaluated using equation (15) . Six repeat determinations of resistivity were made at each frequency and so η eff = 6 − 1 = 5.
As before, the combined effective degrees of freedom, η c , in the pooled uncertainty estimate are evaluated using equation (16). On this occasion, since there are 21 frequency values, m = 21, and all values of η eff are 5, resulting in η c = 21 × 5 = 105. Therefore, a coverage factor of k = 2 is appropriate to obtain an expanded uncertainty at a level of confidence of approximately 95% [11] . This results in a summary value of resistivity (using equations (11) and (12)), along with an expanded uncertainty at a 95% level of confidence (using equations (13) and (14)), of ρ method2 = (139 ± 15) n m. Table 3 summarizes the results obtained for the resistivity of the sample air line using both methods described in this paper.
Discussion

Comparison of methods
To investigate the equivalence of the two determinations presented in table 3, the normalized error ratio, NER , is calculated using
As a guide, if NER < 1 then the two results being compared are considered to be consistent (i.e. they show acceptable agreement); if NER > 1 then the two results are considered inconsistent (i.e. they show unacceptable agreement). Therefore, NER = 0.14 demonstrates that the values of resistivity obtained by both methods are considered to be in good agreement 5 .
Impact on characteristic impedance
To illustrate the impact of non-zero resistivity on the achieved characteristic impedance of an air line, figure 5 presents the deviation from a nominal value of (50 + j0) for the real and imaginary parts of the characteristic impedance of a 7 mm (i.e. Type-N) 50 air line with conductors' resistivity of 135 n m, as a function of frequency. (135 n m is the value of resistivity calculated using method 1.) Nominal values have been assumed for the radii of the conductors of the line [10] . This graph shows the amount by which the characteristic impedance of the line departs from the ideal value, for a line with lossless conductors and nominal dimensions, of (50 + j0) . Clearly, the departure in the characteristic impedance from the lossless value increases as the frequency 
This departure in characteristic impedance can either be taken into account by applying impedance renormalization techniques [16] [17] [18] or it can be accommodated as a component to the uncertainty in the line's characteristic impedance. In either case, the impact of the uncertainty in the determined resistivity on the characteristic impedance would also need to be taken into account as a component, or an additional component, to the uncertainty in the characteristic impedance.
In the context of accommodating, into an uncertainty budget, the departure in the line's characteristic impedance from the nominal value, it is useful to establish the significance of this source of uncertainty with respect to other sources of uncertainty. Two significant sources of uncertainty are expected to come from errors caused by departures in the ideal dimensions (i.e. the radii) of the line's centre and outer conductor, a and b. To a first-order approximation, the frequency-independent characteristic impedance, Z 0 , of an air line (assuming lossless conductors) can be calculated using
since, as before, ε r and µ r are assumed to be 1.000 649 and 1.000 000, respectively. ε 0 , the electric constant, is defined as 8.854 187 817 . . . × 10 −12 F m −1 [19] and µ 0 , the magnetic constant, is defined as 4π × 10 −7 N A −2 [19] . As in section 2.1, the dimensional tolerances for a and b (given in [10] ) are used to establish standard uncertainties for a and b, u(a) and u(b), respectively.
The sensitivity coefficients for a and b are given in equations (23) and (24): The above standard uncertainties and sensitivity coefficients for a and b are used to determine the respective standard uncertainties, u a (Z 0 ) and
Finally, a coverage factor of k = 2 is used to convert these standard uncertainties into their equivalent expanded uncertainties, U a (Z 0 ) and
Since the sizes of both U a (Z 0 ) and U b (Z 0 ) are less than the change in characteristic impedance due to resistivity at 1 GHz (i.e. 0.075 ), this demonstrates that the uncertainty due to the non-zero resistivity of the air line's conductors can be a dominant component to the overall uncertainty in the characteristic impedance defined by the air line. The size of this uncertainty component, due to non-zero resistivity, also increases dramatically as the frequency decreases below 1 GHz. This clearly demonstrates the need to determine the resistivity of these air lines in order to reliably determine the characteristic impedance of the line.
Finally, even if the resistivity has been determined (e.g. using the methods given in this paper) and an impedance transformation [16] [17] [18] has been applied to correct for the associated departure in the characteristic impedance from the nominal value, there remains the uncertainty associated with the determination of the resistivity value. This results in an additional component to the overall uncertainty in the characteristic impedance of the air line.
All the above effects are illustrated in figure 6 , which shows the departure in the magnitude of the characteristic impedance of the line from its nominal value due to (i) determined resistivity of the line (shown by the curve labelled 'ρ'), (ii) uncertainty in a (shown by the curve labelled 'U a (Z 0 )'), (iii) uncertainty in b (shown by the curve labelled 'U b (Z 0 )') and (iv) uncertainty in the determined resistivity (shown by the curve labelled 'U (ρ)')
Summary
Two methods have been presented for determining the resistivity of slightly lossy coaxial reference air lines. The first method (method 1) obtained S-parameter measurements of the line (e.g. made using a VNA), over a suitable range of frequencies. The observed transmission loss is used to determine the effective resistivity of the line's conductors that gives rise to the loss. The second method (method 2) used the line as a standard during a VNA calibration process. The TRL calibration process [7] provides an experimental determination of the line's propagation constant. The real part of this propagation constant (the attenuation constant) is used to determine the effective resistivity of the line's conductors that gives rise to the observed attenuation constant. A detailed uncertainty budget has been presented for the first method (based on S-parameter measurements). This enabled results produced by this method to be verified by comparison with the second method (based on the line's observed propagation constant). Results from both methods showed good agreement with each other.
The first method (using S-parameter measurements) does not require the use of any specialized test equipment, calibration/measurement techniques and/or data processing techniques. The method is therefore easy to implement by other measurement laboratories wishing to characterize these types of air line.
The discussion concerning the impact of typical values of resistivity on the associated characteristic impedance of these lines (in section 6.2) has demonstrated that it is essential to determine the line's resistivity in order to fully characterize these lines as primary artefact standards for characteristic impedance. It is considered that the method presented in this paper (i.e. method 1) is suitable for determining the resistivity of any such unsupported (i.e. beadless) air line, fitted with Laboratory Precision Connectors (LPCs) [10] , at microwave and millimetre-wave frequencies.
